We generalize the classic calculations by Rytova and Keldysh of screened Coulomb interaction in semiconductor thin films to systems with anisotropic permittivity tensor. Explicit asymptotic expressions for electrostatic potential energy of interaction in the weakly anisotropic case are found in closed analytical form. The case of strong in-plane anisotropy, however, requires evaluation of the inverse Fourier transform of 1/(Ak 2 x + Bk 2 y + C k 2 x + k 2 y ), which, at present, remains unresolved.
INTRODUCTION
The important role played by the dielectric screening in determining excitonic properties of various two-dimensional semiconductor heterostructures has been the subject of numerous investigations over the last several decades (for recent studies see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ). A particularly interesting direction of current experimental research involves perovskite chalcogenide films whose in-plane dielectric anisotropy gives rise to some rather unusual optical behavior [14, 15] . Past theoretical work on two-dimensional dielectric screening involved various ab initio calculations [1, 2] , the use of the nonlinear Thomas-Fermi model [4] , [7] , the modified Mott-Wannier approach [8] , the transfer matrix method [13] , as well as various approaches based on effective mass approximation [6, 10] , Here we pursue what is likely the simplest possibility -generalization to anisotropic films of classic calculations by Rytova [16] and Keldysh [17, 18] . The motivation for this approach is rather obvious: we want to get a better sense of how the famous isotropic form of screened electrostatic interaction energy,
is modified under the minimal number of microscopic assumptions. In what follows, we bring our analytical calculation to its logical conclusion in the weakly anisotropic case only. Interested readers are invited to improve on that calculation by exploring the strongly anisotropic scenario.
GENERAL CONSIDERATIONS
The electrostatic potential energy of interaction between the charges q and q located at (ρ, z) and (0, z ) (z > z , ρ = (x, y)) inside an anisotropic semiconductor film is given by (see Appendix for derivation; compare with [16, 17] )
with
and the axes of the coordinate system (x, y, z) coincide with the principal axes of the film's dielectric permittivity tensor. In the most interesting for practical applications scenario, 1,3
the main contribution to the integral in (2) comes from k satisfying kρ 1. Under these conditions,kd 1, η 1,3 ≈ 1,3 k/( 2zk ), and, with the dependence on z and z disappearing, we get the two-dimensional form of the interaction,
The problem thus reduces to the calculation of the two-dimensional Fourier integral,
with A, B, C > 0. To that end, working in polar coordinates, we write, 
where α is the angle between the position vector ρ and the positive x-axis, as shown in Fig. 1 . Then,
where
and A typical graph of the function I(t, α, a, b) is shown in Fig. 2 . If we assume that 2y ≥ 2x > 0, then, since t ≥ 0, we have 1 > ε 2 (t) ≥ 0. Taking into account the well-known Fourier series expansion [19] ,
and using the fact that
we get for the θ-integral in (8) the asymptotic series,
where J are the Bessel functions of the first kind.
WEAK ANISOTROPY
Treating ε 2 (t, a, b), with a 1, as a small parameter in (13), we get in lowest order,
and, thus,
Performing the remaining t-integration, we find,
is the standard Keldysh-Rytova result, and
is the linear correction whose graph is shown in Fig. 3 
where γ ≈ 0.577216 is the Euler constant. Since 2π 0 cos(2α)dα = 0, the excitonic ground state energy in this case experiences a simple first order shift,
where ψ 0 (b) is the unperturbed axially symmetric ground state wave function. Also, for b 1, or ρ 2y d/( 1 + 3 ), Eq. (18) reproduces the standard Coulomb asymptotics,
SUMMARY
The classic Keldysh-Rytova formula for screened Coulomb interaction in semiconductor thin films has been generalized by taking into account the anisotropy of the layer's dielectric permittivity tensor. The Fourier image of the anisotropic potential in momentum space, as well as the linear correction to the isotropic potential in real space, have been worked out in closed analytical form. The case of strong in-plane anisotropy, however, remains unresolved due to the appearance of the function I(t, α, a, b) (see Eq. (8); compare with Eq. (13)), whose explicit analytical expression is not known.
APPENDIX: Momentum space representation
Following [16] and [17] , we consider a geometry in which the anisotropic semiconductor film occupies the region of space −d/2 ≤ z ≤ d/2, as shown in Fig. 4 . The half-space z < −d/2 (the substrate) is filled with an isotropic medium whose dielectric constant is 1 , while the half-space z > d/2 with an isotropic medium whose dielectric constant is 3 .
We are assuming that the axes of the coordinate system (x, y, z) coincide with the principal axes of the film's dielectric permittivity tensor. The electrostatic potential at point r ≡ (ρ, z) = (x, y, z) due to charge q located at r = (0, 0, z ) satisfies (in regions 3, 2, and 1, respectively) the following system of equations:
with the boundary conditions at the interfaces,
and the boundary conditions at the two infinities,
Fourier transforming, and substituting into (23), (24), and (25), we get the following equations for the corresponding Fourier components,
Conditions at infinity, (28), combined with Eqs. (30) and (32) give
while Eq. (31) gives, for z = z ,
and, at z = z , the jump discontinuity in the z-derivative,
Imposing the boundary conditions at the z = +d/2 interface,
we get
Similarly, imposing the boundary conditions at the z = −d/2 interface, we get
and, after definingη
find
Now, for z = z , Eqs. (37), (40), and (45) give
resulting inÃ 
Taking into account that
For z < z , a similar calculation results in φ 2 (k, z < z ) = 4πq .
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